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ABSTRACT
We prove that every pairwise independent joining of weakly mixing systems
with purely singular spectrum is independent; it follows that every mixing
system with purely singular spectrum is mixing of all orders.

1. Introduction

1.1 REsuLTSs. The property of mixing of all orders has been introduced by
Rokhlin ([R]), and Halmos ([H]) asked whether it holds for every mixing system.
A similar question, for the weak mixing property, has been resolved by Fursten-
berg [F]. But, until now, only little progress has been done for the higher order
mixing problem. Recently, Kalikow [K] showed that the answer is positive for
rank one systems.

Solving the problem for zero entropy systems would give the general solution.
Moreover, the property for a system to have an absolutely continuous spectrum
looks like a very strong mixing property. The main result of this paper restricts

significantly the class of systems where counterexamples are likely to be found:

Received February 10, 1991

289



290 B. HOST Isr. J. Math.

THEOREM 1: Every mixing system with purely singular spectrum is mixing of
all orders. (The complete definitions are given in section 1.3.)

A related problem is to find under what conditions every pairwise independent
self-joining of a system is independent; such systems are called “pairwise inde-
pendently determined” in [dJ-R}; they are weakly mixing and have zero entropy.

Our Theorem 1 is actually a direct consequence of:

THEOREM 2: Every pairwise independent joining of r > 3 weakly mixing systems
with purely singular spectrum is independent.

1.2 In section 2, we define 3-correlation measures for a pairwise independent
joining of three systems. They are finite complex measures on T*(T = R/Z),
concentrated on the closed subgroup H = {(s,t,u) € T% s+t + u = 0}, with
each of their natural projections on T? absolutely continuous with respect to
some product measure. Such measures are studied in sections 3 and 4; we show
that their projections on T have no continuous singular part (Theorem 5). This
question seems to be beyond the scope of Ergodic Theory, but the proof uses
concepts of non-singular dynamics, namely the properties of the measures on T
which are ergodic under some countable group of rotations. In section 3, we
prove Theorem 2 by applying Theorem 5 to the correlation measures introduced

in section 2, and Theorem 1 is deduced from Theorem 2.

1.3 DEFINITIONS. Given an integer r > 2 a joining of r dynamical systems
(X;,Bi,Tiyui),1 < i < r, is a probability measure w on the product space
[1.(X:, B;) which is invariant under the diagonal transformation []; T; and whose
projection (marginal) on each X; is equal to ;; the joining w is pairwise in-
dependent if its projection on X; x X is equal to g; x p; for all ¢ # j; it is
independent if it is the product measure.

For r > 2, a system (X,B,T,u) is mixing of order r if, for every 4; €
B (1<i<r),u(AiNT™A;N---NT™ A;) converges I1; #(A;) when ny — 400
and n;4; — n; = +oo for 2 < i < r. Mixing of order to 2 is the ordinary mixing.

1.4 GENERAL HYPOTHESIS AND NOTATIONS. For all dynamical systems
(X,B,T, ) we assume that (X,B) is a standard Borel space, T an invertible
bimeasurable transformation of X, and g a T-invariant probability measure on
(X,B). By the spectral maximal type o of this system, we mean the reduced

one: a positive measure is absolutely continuous with respect to o if and only if
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it is equal to measure oy of some f € L*(p) with [ fdu = 0. In particular, if the
system is ergodic, o has no point mass at 0.

T is the quotient group R/Z, m the Lebesgue measure of T.

The Fourier transform & of a finite complex measure o on T is given by (n) =
J mintdo(t) for n € Z.

Except when the contrary is explicitly stated, all measures are supposed to
be positive and finite. If 4 and v are measures on the same Borel space, the
notations “uLv”, “ulv”, “u =~ v” mean “x and v are mutually singular”, “u
and v are not mutually singular” and “u and v are equivalent”, that is “u < v”
and “v € p”. If f: (X,A) — (Y,B) is a Borel map and p is a measure on
(X, A), fu denotes the image measure of u by f.

2. 3-Correlation Measures of a Pairwise Independent Joining

2.1 We begin with some classical facts about correlation measures of the prod-
uct of two systems (X, b;, Ti, i), 1 < ¢ < 2. For every m,n € Z, the measure
p1 X pig is invariant under T x Tj*; these transformations define an action of Z?
on L*(jt; X j12). The correlation measure o4,y of ¢,% € L?(p1 X p2) is the finite

complex measure on T? with Fourier transform given by
Gop(m,n) = / (T 21, Ty 22)b(er, 22)dpn (1)dpa(22)  (mym € Z).

For ¢ € L?(u; X p2), we note o4 instead of o4,4; 04 is non-negative and
04y < 04 for all Y € L*(pq x pz). For fi € L*(p;),1 < i < 2, the correlation
measure of the function fi ® fo(z1,22) = fi(z1)fa(z2) is 05, X of,.

2.2 THEOREM 3: Let w be a pairwise independent joining of the systems
(X, b, T3y pi),1 €1 <3, and f; € Lz(/t.'). Then
(i) There exists a (unique) finite complex measure 7 on T* with Fourier transform

given by
#(m,n,p) = /fl(Tlmxl)f2(T;32)f3(T:$3)dw(31,-732,33) (m,n,p € Z).
(ii) T is concentrated on the closed subgroup

H = {(z1,22,23) € T% 21 + 22 + 23 = 0}.
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(iii) The images of |7| by the natural projections m1 2,713 and 723 of T° on
T? are absolutely continuous with respect to oy, X 04,,05 X 05, and 05, X 0§,
respectively.

(m1,2 is the projection (z1,z2,%3) — (£1,%2);m1,3 and 723 are defined analo-
gously.)
Proof: Let G(z1,z2) be the conditional expectation of f3(z3) given z; and
73 : G is the element of L?(uy X p3) characterized by

/G(zl,-’Ez)F(xl,xz)dﬂl(ﬂil)dﬂz(zz) = /fs(l‘a)F(icl,Zz)dw(-‘ﬂlyzz,-’ta)

for every F € L*(py x pz). We denote by A the correlation measure 0y, g+, &
and 7 the image measure of A by the mapping (z1,22) — (21,22, —21 — z3) of

T2 on T3. 7 is concentrated on H and, for m,n,p € Z,
#(m,n,p) = A(m ~ p,n - p)
= [ HETT e BT Pen)6len, ex)din (o1 ()
= [ K@ )BT o) (el 22,29)
= [ Ao (T3 o) (T ol 2, 25).

This proves (i) and (ii).

A is absolutely continuous with respect to o5, g5, = 05, X075, andis the image by
the projection 1 2 of the measure 7 which is concentrated on H; as the restriction
to H of 7y 2 is one-to-one, 71 3|7| is equal to |A| and thus absolutely continuous

with respect to oy, X o5,. Similarly, 7y 3|7| € 0y, X 05, and ma3|7| L 05, X O,

3. Rotations and Measures on the Circle

3.1 NOTATIONS. For every t € T, let us denote by R, the rotation z — z +¢ of
T. If D is a countable subgroup of T, we say that a subset of T is D-invariant

if it is invariant under R; for every t € D.

3.2 GROUP ASSOCIATED WITH A MEASURE. LEMMA: Let u be a measure on
T. There exists a countable subgroup D of T such that,

for every A< pu and every t € T with R < p,
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1) RiMA)=MA) for every D — invariant Borel set A.

Proof: We identify L'(p) with the space of finite complex measures which are
absolutely continuous with respect to u. For A € L!(x) and t € T, let Ly(A)
denote the part of R\ which is absolutely continuous with respect to u. L is
a linear operator on L'(y), of norm < 1. As L(y) is separable, there exists a
countable set J C T such that {L;t € J} is dense in {L;;t € T} for the strong
operator topology. Let D denote the subgroup of T spanned by J.

Let A, t be as above, and A a D-invariant Borel set. For every d € D, LgA\(A) <
R4A(A) = A(A) since A is D-invariant; by density, L:A(A) < A(A). Moreover, as
R\ is absolutely continuous with respect to g, R:A = L¢d and ReA(A) < A(A).
Substituting T\ A for A gives the reverse inequality, and the result follows. |

Remark: There are several groups with the property of the lemma. However, it
can be easily checked that the o-algebra F spanned by the D-invariant and the
u-null Borel sets does not depend of the choice of D: a Borel set A belongs to F
if it satisfies (1). This property is equivalent to:

(2) Foreveryt € T, Ri(la-p)llm\4-p.

3.3 D-ERGODIC MEASURES. Given a countable subgroup D of T, a probability

measure x on T is D-ergodic if:
#(A) =0 or 1 for every D-invariant Borel set A.

Note that there is no assumption of quasi-invariance for 4. In the next section,

we shall use the following theorem of Brown and Moran:

THEOREM 4 ([B-M]; see [G-McG], Chap. 6): Let D be a countable subgroup
of T and p a D-ergodic probability measure. If u* pf p, then p is discrete or
absolutely continuous with respect to the Lebesgue measure.

The original proof of this theorem uses deep results of the theory of convolution
measure algebras of J. L. Taylor. As the result seems interesting for ergodic
theory, the author and F. Parreau will publish a short and elementary proof

later on.



294 B. HOST Isr. J. Math.

4. The Key Result

4.1 THEOREM 5: Let p be a measure on T3, concentrated on
H={(s,t,u) € T s+t +u=0},

and suppose that each of its natural projections on T? is absolutely continuous
with respect to some product measure. Then each projection of p on T is the
sum of a discrete measure and an absolutely continuous measure (with respect

to Lebesgue measure).

4.2 REDUCTION OF THE PROBLEM. We denote by S the symmetry s — —s of
T; P the mapping (s,t) — s+t of T? on T; and V the mapping (s,t) — (s, —s—t)
of T? on itself.

Each of the measures arising from p by coordinate permutation satisfies the
same properties as p does, and the average of these measures too, since a sum of
product measures is absolutely continuous with respect to some product measure;
if the conclusion of the theorem holds for this average measure, it holds for p.
We can thus restrict ourselves to the case where p is invariant by coordinate
permutation. Similarly, we can assume that p is invariant by the symmetry
S x S xS of T?. We denote by ) the image of p by the projection 7y 2; (s,t,u) —
(s,t) of T® onto T? and o the image of p by the projection (s,t,u) — s of T
onto T. o is invariant under S. We have to prove that o is the sum of some
discrete and some absolutely continuous measure.

The restriction to H of the projection 7,2 is one-to-one, and its inverse is
(s,t) — (s,t,—s —t); as p is concentrated on H, it is the image of A by this
mapping; p being invariant by coordinate permutation, it is the image of A by
(s,t) — (s, —s —t,t); therefore ) is the image of A by V:

1) Vi=A

Looking at the projections of these two measures on T we get SPA = o, thus
P\ =So =o:

(2) P)=o.
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4.3. As ) is absolutely continuous with respect to some product measure, it is
absolutely continuous with respect to the product of its projections: A € o x 0.
Let F(-,-) be the Radon-Nikodym derivative of A with respect to ¢ x 0. For
every s € T, let o, be the measure on T with density F(s,-) with respect to o.
For o-almost every s, o, is a positive finite measure, absolutely continuous with
respect to 0. For every bounded Borel function ¢ on T?,

3) / 6(s,8)dA(s, 1) = / ( / ¢(a:,t)da,(t)) da(s)
and

/ 6(s,£)AV (s, t) = / 8(s,—s — £)dA(s, t)

- / < / ¢(s,—s—t)da,(t)) do(s)
- / ( / ¢(s,t)dSR.a.(t)) do(s).

As V) = ) it follows that, for o-almost s,o, = SR,0, and R,0, = So, € So =
o. Therefore for o-almost every s,

4) R,0, < 0.

4.4. Let D be a countable subgroup of T, associated with ¢ as in the lemma.
Let us denote by D the o-algebra of D-invariant Borel sets.

Let B € D. For o-almost every s, 1p- 0, is absolutely continuous with respect
to o; moreover, R,(1p - 0,) is absolutely continuous with respect to R,0,, thus
with respect to o by (4). By the property of the group D, R,(1p-0,)(T\ B) =
(1 - 0,)(T \ B) = 0, that is [ 11\p(s + t)1p(t)do,(t) = 0. Integrating with
respect to o we get [ 11\p(s+t)15(t)dA(s,t) = 0, that is P(1txp-A)(T\B) = 0.

Therefore
(5) for every B € D, P(ltxp-A) is concentrated on B.

Similarly, for every A € D, P(1axT - ) is concentrated on A, and P(14xp - A)

is concentrated on A N B. Therefore

(6) for every A,B € Dsuchthat ANB =9, A(AxB)=0.
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Let B € D. The image by P of the measure 11xp - A is absolutely continuous
with respect to o by (2), and concentrated on B by (5), thus absolutely continuous
with respect to 15-0. Moreover, by (6), 1Txa-A = 1gxB - A, which is absolutely
continuous with respect to (1p-0)x (1p-0); the image by P of this last measure
is (1g - 0)* (1p - o) by definition of the convolution product. Thus:

(7 forevery Be€D with o(B)#0, 1p-o0 A(lp-0)'(1p-0).

4.5 We claim that the restriction of ¢ to the algebra D is atomic. If not,
there would exist A € D with o(A) > 0 and, for every € > 0, a finite partition
(Ai;1 € I) of A such that A; € D and o(4;) < ¢ for all ¢; then, by (5) and (6),
LaxT - A = laxa - A would be concentrated on the set X = U;A4; x A;, with
o X o(K) < €; thus 1 4xT - A would be concentrated on a set of & X 0 measure 0.
As ) is absolutely continuous with respect to ¢ x 0, g(4) = M(A x T) =0, and
a contradiction would follow.

There exists therefore a finite or countable partition (Ej;¢ € I) of T such that,
for all i,0(E;) > 0 and o(A N E;) = o(E;) or 0 for all A € D. Each of the
probability measures

oy

= —IE‘- g
o(Ey)
is D-ergodic. For each 7, by (7), oL 0o; * 0; and, by Theorem 4, o; is discrete or

absolutely continuous, and the result follows.

5. Proof of Theorems 2 and 1

5.1 PROOF OF THEOREM 2. Let w be a pairwise independent joining of the
systems (X;;Bi,Ti, pi),1 < @ < r, and suppose that each of them is weakly
mixing and has a purely singular spectrum. We have to prove that w is the
product measure []; p.

Let us begin with r = 3, but assuming only that X; is weakly mixing and
has a purely singular spectrum. For 1 < r < 3, let fi € L?(u;), and 7 the
correlation measure of these functions as constructed in section 2. Suppose that
J fidu: = 0. Each projection of p = || on T? is absolutely continuous with
respect to some product measure, thus, by Theorem 5, the first projection p;
of p on T is the sum of some discrete measure and some absolutely continuous

measure. But p; is absolutely continuous with respect to correlation measure oy, ,
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which is absolutely continuous with respect to the maximal spectral type of X;
since fi has zero integral. Thus p; is continuous and purely singular. Therefore
p1 =0, thus p= 0,7 = 0, and [ fi(z1)f2(22)f3(23)dw(z1,22,23) = 7(0) = 0. As
w is pairwise independent, it follows that w is the product measure.

We turn now to the general case, and take r > 3. Proceeding by induction,
we assume that the theorem is valid for r — 1. The projection of w on X; x
..+ X X,_1 is a pairwise independent joining of these systems, and they are thus
independent. A fortiori, X,,...,X,_; are independent, and X; is independent
of Y = X, X -+ x Xr_y. Similarly, X, is independent of Y : w can be viewed as
a pairwise independent joining of X;,Y and X,. X; is weakly mixing and has
a purely singular spectrum, thus, by the first part of the proof, this joining is
independent and w = []; pi. |

Remark: The conclusion remains valid if only r — 2 of the systems are weakly

mixing and have a purely singular spectrum. |

5.2 PROOF OF THEOREM 1. We shall deduce Theorem 1 from Theorem 2. As
the method is classical, we omit the details and restrict ourselves to prove the
mixing of order 3.

Let (X, B, T, u) be a mixing system with purely singular spectrum, and suppose
that it is not mixing of order 3. There exist A, B,C € B and a sequence (m,n;)
in Z? with m; — 400 and n; — m; — +o0, such that u(4A NT™ B NT"C)
does not converge to u(A)u(B)u(C). Substituting a subsequence for (m;, n;), we
can suppose that u(A N T™ B NT™C) converges to a limit ¢ # u(A)u(B)u(C).
As (X, B) is standard, we can identify it with {0,1}N endowed with its Borel o-
algebra. Substituting a subsequence for (m;, n;), we can assume that the sequence
w(DNT™ ENT™ F) converges for all cylinder sets D, E, F; there exists a (unique)
probability measure w on X? such that w(D x E x F) = Lim u(DNT™ ENT™ F)
for all cylinder sets D, E, F. Moreover, for every D, E, F, D', E', F' € B and every
m,n € Z,
|w(DNT™ENT"F)—p(D'NT™E'NT"F')| < u(DAD")+ u(EAE")+ u(FAF").

It follows that the sequence u(D N T™ ENT™ F) converges to w(D x E x F)
for all D, E, F € B. The measure w is invariant under T' x T x T, and each of its
projections on X is u : w is a self-joining of X; it is pairwise independent because
X is mixing, and w(A x B X C) = ¢ # p(A)u(B)u(C), thus it is not independent,

and Theorem 2 provides a contradiction. 1
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